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Abstract
A self-consistent and general description of obliquely propagating low frequency electrostatic
dust-modes in a inhomogeneous, magnetized dusty plasma system has been presented. A number
of different situations, which correspond to different low-frequency electrostatic dust-modes,
namely, dust-acoustic mode, dust-drift mode, dust-cyclotron mode, dust-lower-hybrid mode,
and other associated modes (such as, accelerated and retarded dust-acoustic modes, accelerated
and retarded dust-lower-hybrid modes, etc.), have also been investigated. It has been shown that
the effects of obliqueness and inhomogeneities in plasma particle number densities introduce new
electrostatic dust modes as well as significantly modify the dispersion properties of the other
low-frequency electrostatic dust-modes. The implications of these results to some space and
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Nowadays there has been a great deal of interest in understanding different types of collective
processes in dusty plasmas (plasmas with extremely massive and negatively charged dust grains),
because of their vital role in the study of space and astrophysical environments, such as, asteroid
zones, planetary atmospheres, interstellar media, circumstellar disks, dark molecular clouds,
cometary tails, nebulae, earth’s environment, etc. [1-12]. These dust grains are invariably
immersed in the ambient plasma and radiative background. The interaction of these dust grains
with the other plasma particles (viz. electrons and ions) is due to the charge carried by them.
The dust grains are charged by a number of competing processes, depending upon the local
conditions, such as, photoelectric emission stimulated by the ultraviolet radiation, collisional
charging by electrons and ions, disruption and secondary emission due to the Maxwellian stress,
etc. [3-12].
It has been found that the presence of static charged dust grains modifies the existing plasma
wave spectra [13-20]. Bliokh and Yaroshenko [13] studied electrostatic waves in dusty plasmas
and applied their results in interpreting spoke-like structures in Saturn’s rings (revealed by
Voyager space mission [21]). Angelis et al. [14] investigated the propagation of ion-acoustic waves
in a dusty plasma, in which a spatial inhomogeneity is created by a distribution of immobile dust
particles [22]. They [14] applied their results in interpreting the low frequency noise enhancement
observed by the Vega and Giotto space probes in the dusty regions of Haley’s comet [23].
On the other hand, it has been shown both theoretically and experimentally that the dust
charge dynamics introduces different new eigen modes, such as, dust-acoustic mode [24,25], dust-
ion-acoustic mode [26], lower-hybrid mode [27,28], dust-cyclotron mode [29], etc. The linear and
nonlinear properties of these modes are studied by considering a uniform dusty plasma model
with or without external magnetic field [30-41]. But, in practice, all dusty plasma systems
contain some region of inhomogeneity capable of causing drift motions and associated drift
waves [42-44]. Shukla et al. first considered a nonuniform dusty plasma system and have shown
the existence of dust-drift mode [42]. Recently, Mamun et al. [45], Salimullah and Shukla [46],
and Rao [47] also considered this dust-drift mode in self-gravitating [45,46] and non-ideal [47]
dusty plasma systems. Mamun et al. [45] mainly studied gravitational instability (of ultra-
low-frequency electrostatic dust-modes) due to the self-gravitational field in a nonuniform dusty
plasma. Salimullah and Shukla [47] extended this work of Mamun et al. [46] to some other
frequency limits, where the inhomogeneity in the dust particle density has been neglected. On
the other hand, Rao [47] mainly studied density and temperature gradient Kelvin-Helmholtz
instability in a nonideal dusty plasma where electron and ion density inhomogeneities have been
neglected. Rao [47] also assumed Boltzmann distribution of electrons and ions, i.e., neglected
the dynamics of electrons and ions. This assumption is a good approximation for extremely
low-frequency modes (considered by Rao [47]) and for a situation where electron and ion density
inhomogeneities are not important, but not for a mode like dust-lower-hybrid mode or for a
situation where electron and ion density inhomogeneities are important.
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The present work has considered an obliquely propagating low-frequency electrostatic dust-
mode in a nonuniform, magnetized dusty plasma system, and systematically, investigated the
effects of obliqueness and inhomogeneities in plasma particle number densities on different low-
frequency electrostatic dust-modes, namely, dust-acoustic mode, dust-drift mode, dust-cyclotron
mode, and dust-lower-hybrid mode, by accounting for the dynamics of electrons, ions, and dust
grains, and the density inhomogeneities in all these plasma species. It has been shown that the
effects of obliqueness and nonuniformity in plasma particle densities introduce new eigen modes
as well as significantly modify the dispersion properties of the other low-frequency electrostatic
dust-modes.
We consider a three-component, nonuniform magnetized dusty plasma system consisting of
negatively charged (extremely massive) dust grains and electrons, and positively charged ions.
This plasma system is assumed to be immersed in an external static magnetic field. The macro-
scopic state of this nonuniform, magnetized dusty plasma system may be described by
∂Ns
∂t















where ms, qs, and Ns are, respectively, mass, charge, and number density of the species s (dust
grains, ions, and electrons); Us is the hydrodynamic velocity; kBTs is the thermal energy; γs is
the adiabatic constant; Φ is the electrostatic wave potential; c is the speed of light in vacuum.
We are interested in looking at different low-frequency electrostatic modes (ω, k) propagating
obliquely with an external magnetic field B0 immeresed in such a dusty plasma system. We
assume that B0 is along the z-axis, (i.e., B0 ‖ zˆ and propagation vector k lies in y-z plane, i.e.,
k = yˆky + zˆkz). We also assume that equilibrium plasma density gradient and equilibrium elec-
trostatic potential gradient are along the x-axis. To study obliquely propagating electrostatic
modes in such a nonuniform, magnetized, dusty plasma system, we shall carry out a normal
mode analysis. We first express our dependent variables Ns, Us, and Φ in terms of their equi-
librium and perturbed parts as
Ns = ns0(x) + ns,
Us = us0 + us,




ns0(x) and φ0(x) are the equilibrium density and electrostatic potential, which are not constant,
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but vary with x. us0 is the drift velocity of the species s which can be obtained from the
zeroth-order solution of Eq. (2) as




















where ωcs = qsB0/msc and vts = (γskBTs/ms)
1/2. It should be noted here that the transverse
shear in the fluid flow velocity component parallel to the ambient magnetic field has been
neglected. Thus, us0 contains two contributions: the electric field drift due to the equilibrium
electric field and the diamagnetic drift due to the equilibrium pressure of the specis s. kLs
represents the inverse of the density inhomogeneity scale-length of the specis s. It may be noted
that if the electric field at equilibrium (−∇φ0) is assumed to be constant, from Eq. (3) one
can obtain Zini0(x) = Zdnd0(x) + ne0(x), where ni0 (nd0) is the equilibrium ion (dust) number
density, Zd (Zi) is the number of electrons (protons) residing on the dust grain (ion) and ne0(x)
is the equilibrium electron number density.
Now, using Eqs. (4) ans (5) we first linearize our basic equations, Eqs. (1) - (3), to a first







where χs is the susceptibility of the species s and is given by


































and ω?s = ω − kyus0. The substitution of Eq. (6) into the linearized poisson’s equation yields
εφ = 0, where ε = 1 + χe + χi + χd is the dielectric constant for the nonuniform, magnetized
dusty plasma system. This equation εφ = 0 is compatible with non-zero φ only if ε = 0, i.e., ω
and k are related by
1 + χe + χi + χd = 0. (9)
It is obvious from Eqs. (7) and (8) that if we assume kzvte,i >> ω; ω << ωce,i; kyvte,i << ωce,i;
kLe,i → 0; uE → 0, then χe,i = 1/k2λ2De,i, where λDe,i = [γe,ikBTe,i/(4pine0,i0q2e,i)]1/2. These sus-
ceptibilities with γe,i = 1, χe,i = 1/k
2λ2De,i, are for Maxwellian distribution of electrons and
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ions [47]. This means that for extremely low frequency mode, uniform electron and ion distribu-
tions, and thermal velocity of electrons and ions being almost along the external magnetic field,
the assumption of Maxwellian distribution of electrons and ions is a good aproximation, but not
for any situation where any of these three conditions are not valid. Thus, Eq. (9) [with Eqs.
(7) and (8)] represents a general dispersion relation for any obliquely propagating electrostatic
mode where the effects of inhomogeneities in electron, ion, and dust particle number densities,
obliqueness, external magnetic field, and dust fluid temperature are included. However, our
present interest is to study low-frequency electrostatic dust-modes in different low frequency
ranges of interest, namely, ω << ωcd, ω ∼ ωcd, and ωcd << ω << ωci.
A. ω << ωcd:
To study electrostatic dust-mode in this frequency range (ω << ωcd), for simplicity, we as-
sume that the dust fluid is cold (vtd → 0), but electron (ion) thermal velocity along the ex-
ternal magnetic field is large enough to satisfy the approximations kzvte,i >> ω, kyue0,i0 and
ωce,i >> kyvte,i. These approximations reduce the general dispersion relation, Eq. (9), to a
simple form:































Eq. (10) represents a dispersion relation for the dust-acoustic mode modified by the obliqueness
and inhomogeneity or dust-drift mode modified by the obliqueness. If we consider parallel
propagation or homogeneous dusty plasma system and put Zi = 1 and γi,e = 1, the dispersion
relation reduces to that for the dust-acoustic mode studied by Rao et al. [24] and if we further
put ne0 = 0 (all electrons are depleted to the surface of the dust grains), this dispersion relation
stands for the dust-acoustic waves studied by Mamun et al. [32,33] and others [34-36]. On the
other hand, if we consider perpendicular propagation (kz = 0), this dispersion relation represents


















It is obvious from this dispersion relation that for small kz (i.e., for kyVD >> kzCsd) there are
two modes, namely, ω = kyVD and ω = −k2zC2sd/kyVD. The phase velocity of the upper mode is
VD, which is the diamagnetic ion-drift speed for ne0 = 0. It is also shown that for large kz, the
drift waves appear as an accelerated (retarded) dust-acoustic mode for +(−) sign. These accel-
erated and retarded dust-acoustic modes are analogous to accelerated and retarded ion-acoustic
modes that exist in nonuniform electron-ion plasma [48].
B. ω ∼ ωcd:
We now study low-frequency electrostatic dust mode whose frequency is comparable to the
dust-cyclotron frequency. We, again, for simplicity, assume that the dust fluid is cold (vtd → 0),
but electron (ion) thermal velocity along the external magnetic feild is large enough to satisfy
the approximations kzvte,i >> ω, kyue0,i0 and ωce,i >> kyvte,i. These approximations allow us
to write the general dispersion relation, Eq. (9), as
ω3 − (ω2cd + k2yC2sd)ω + ω2cdkyVD = 0, (13)
where Csd and VD are given by Eqs. (11). There are three solutions of this cubic equation, i.e.,
there exists three modes, namely,
ω = ω1 + ω2, (14)
ω = −1
2




(ω1 − ω2), (15)
ω = −1
2





























where + (−) corresponds the first (second) quantity involved. These are three different low-
frequency electrostatic modes with frequency comparable to the dust-cyclotron frequency or
dust-drift wave frequency. The last two also represent the dispersion relation for the dust-
cyclotron mode modified by the inhomogeneity. If we consider homogeneous dusty plasma
system, i.e., put VD = 0, the dispersion relation reduces to the dust cyclotron mode studied by
Shukla and Rahman [29]. It should be noted that if we consider ω, kyCsd << ωcd, Eq. (13)
stands for dust drift mode studied in our earlier case.
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C. ωcd < ω < ωci:
We now study low-frequency electrostatic dust-mode, whose frequency is in between dust and
ion-cyclotron frequencies (i.e., ωcd < ω < ωci), in a cold dusty plasma (i.e., vts → 0). These











































2 and ω′ = ω − kyuE. It may be pointed out here
that if we put kLd = 0 and uE = 0, this equation (the right hand side of it is ε) becomes
compatible with Eq. (31) of Ref. 46 where the inhomogeneity in the dust fluid density is
neglected (i.e. where nd0=constant). If we consider nd0=constant, i.e., use dnd0/dx = 0 or
kLd = 0 and the quasineutrality condition (i.e., use Zi(dni0/dx) = Zd(dnd0/dx) + dne0/dx), we
can express (ω2pe/ωce)kLe + (ω
2
pi/ωci)kLi = 0. This means that for homogeneous dust fluid (nd0=
constant) and for Zi(dni0/dx) = Zd(dnd0/dx) + dne0/dx being valid [46], the combined effects
of electron and ion density inhomogeneities on this dispersion relation is zero. However, if the
inhomogeneity in the dust fluid is included, we can express by using the qausineutrality con-
dition that (ω2pe/ωce)kLe + (ω
2
pi/ωci)kLi = −(ω2pd/ωcd)kLd. It is obvious from Eq. (18) that to
study the dust-lower-hybrid mode one can keep kz up to a value such that k
2
z/k











pi) << 1. Thus,
using the appropriate approximations for dust-lower-hybrid mode, ω2cd/ω
2 << 1, ω >> kyuE,






















This is the dispersion relation for the dust-lower-hybrid mode modified by the inhomogeneities
in electron, ion and dust fluid densities. To derive a simple form of the dispersion relation for the
dust-lower-hybrid mode, we assume that all electrons are absorbed by the dust-grains [26,32]








ωcdωci = 0, (20)
where β = 1+ω2ci/ω
2
pi. To derive Eq. (20) we have used kLd = kLi = kL and ω
2
pi/ωci = −ω2pd/ωcd,



















where |ωcd| is the absolute value of ωcd. It is obvious that for 4βωcd/|ωci| << (k2L/k2y) the two
roots of Eq. (21) become ω+ ' |ωcd|(ky/kL) and ω− ' −ωci(kL/ky)[1/β + (|ωcd|/ωi)(k2L/k2y)].
These indicate that the density inhomogeneity introduces a new mode: ω+ ' |ωcd|(ky/kL) (when
the density gradient is positive) or ω− ' ωci(|kL|/ky)[1/β + (|ωcd|/ωi)(k2L/k2y)] (when the density
gradient is negative). On the other hand when 4β(|ωcd|/ωci) >> (k2L/k2y), Eq. (21) provides a
retarded dust-lower-hybrid mode for positive density gradient and accelerated dust-lower-hybrid
mode for negative density gradient.
It should be mentioned that this analysis has neglected the variation of the dust grain charge
which arises the damping of the dust-acoustic mode [31,35]. It has been shown by Rosenberg
and Krall [44] that such damping effects may need to be considered when the wave frequency
(ω) is of the order of the charging frequency (νch) of the dust grain. Thus, our analysis is correct
for the low-frequency waves where the charging frequency is much smaller than the frequency
of the waves involved, i.e., ω >> νch which has been estimated to be valid for space plasma
situations [44].
It may be stressed here that the present investigation may be useful for understanding the
low-frequency electrostatic noise enhancement observed by the Vega and Giotto space probes [23]
in the dust regions of Haley’s comet and spoke-like structures revealed by the Voyager space
mission [21] in Saturn’s rings.
It may be added that the nonlinear propagation and stability analysis of these modes are
also problems of great importance, but beyond the scope of the present work.
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